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Complexity of Protein—Protein Interaction Networks,
Complexes, and Pathways

Danail Bonchev

1. Introduction
1.1. The Network Approach to Proteomics

The focus of proteomic research in devel oping experimental techniques for protein
identification and interaction studies is shifting frontirdividual proteinsto their orga-
nization in reaction pathways, complexes, and ritworks, i.e., to the proteome—the
large-scale network comprising all protein—piotein interaciions in a cell, tissue, or
organism. The number of complete protearnmesin accessivl e datalbases exceeds 100 (1),
thus making possibl e proteome-wides and across-proteornes analyses. Such a systemic
approach offers a view of the biological machine as awrole, revealing important new
details of its work. Thus, one couid regard aging ard diseases as specific patterns of
protein network degradation and, vice versa, evoiltionary beneficial factors as creat-
ing patterns of larger proieome complexity. Medicines' side effects could be analyzed
in terms of the extremely hign network connectivity, thus orienting the search for new
medicines toward protein complexes, ratner than individual compounds (2). Potential
drug and marker candidates couid ice identified proceeding from protein connectivity
and centrality patterns.

1.2. Quantifying Neiwoiks

Network analysis and applications are necessarily related to numbers that uniquely
characterize each network, making possible comparison, classification, structure-
activity/toxicity relationships, and prediction. Regarding networks asgraphs(3), onecan
use graph theory (4,5) to generate such numbers,usual ly termed topol ogical indices (6,7),
proceeding from different graph invariants. A variety of topological indices have been
proposed in an area of theoretical chemistry called mathematical chemistry. From this
rich arsenal of descriptors we select for characterizing proteomic networks only afew
representatives that mirror patterns of network topological complexity. Information
theory (8,9) isa so used asasource of descriptorsof network diversity and composition.

1.3. The Concept of Network Complexity

Two concepts of complexity as a general property of systems have been developed
during thelast half century. The concept of new phenomenaemerging in ahighly com-
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plex system focuses on the nonlinearity of processesin complex dynamic systems (10).
In this chapter, we present the lesser known concept of topological (or structural) and
compositional complexity. The roots of this concept can be traced back to the ideas of
the information content of a system (amolecule, a cell, an organism) advanced in the
1950s (11), to the first estimates of graph complexity (12), and to the later hierarchical
concepts of complexity (13-15).

Definition 1. Thelarger the number and connectivity of the subnetworks, the larger
the network topological complexity.

Definition 2. The more diverse the distribution of the network elements, the larger
the network compositional complexity.

Definition 1 proceeds from counting all subgraphs and the linkswithin each of them.
It quantifiesthe idea that the wholeis more than its parts and provides nonlinear quan-
titative measures of network structural complexity. Dztinition 2 accounts for the dif-
ferent aspects of network complexity, based on the clemient’s distribution, properties,
weights, interactions, and so on. When applied to ayriamic evolutionary networks, the
definitions presented might be viewed as a siep toward unifying the two aternative
approaches to systems compl exity.

2. Some Basic Notions from Grapf Theory

Protei n—protein interaction networks are presented asgraptis(4,5). A graphisastruc-
ture composed of points (vertices or nodes), connecied by lines (edges or links). A sub-
graph is agraph obtained from tlie parent graph by deleting at least one edge or vertex
with its incident edges. A 100D 15 an edge that begins and ends in the same vertex. A
multigraph isagraph inwhich some pairs ¢t vertices arelinked by more than one edge.
Smple graphs are graphs having no multiple edges and loops. In acomplete graph any
two vertices are coninected by ar edge. A directed graph isagraph having at least one
directed edge. Directed edges ereicirned arcs. The graph is connected when thereisa
path between ainy pair of verticesin it; otherwise the graph is disconnected. A pathin
the graph is a sequence of adjacent edges without traversing any vertex twice. A walk
isan alternating sequence oi vertices and edges, each of which could be traversed more
than once. Thewalk length isthe number of edgesinit. A cycleisapath that startsfrom
and ends in the same vertex. Trees are graphs containing no cycles. Two verticesj and
i are called adjacent when they are connected by an edge{i,j}. The adjacency relation
isquantified by theterm a; = 1. Graph components are connected subgraphs or vertices
that are not connected to each other. Euler’'s theorem relates the number of vertices V,
edges E, cycles C, and components K:

C=E-V+K @

Illustrations of the notionsintroduced above are given in Fig. 1.
Definition 3. ertex degree g, isthe number of edges{i,j} connecting vertex i with
its adjacent verticesj (denoted asj - 1):

a = ,; a; ©)

In a multigraph one may distinguish between minimal vertex degree, for which
a; = 1, and multiple vertex degree, which accountsfor all links to the nearest neighbors
(a;=1). Indirected graphs, in-degree and out-degree are defined as the number of arcs
entering into and emanating from the vertex, respectively.
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Fig. 1. (A) A disconnected graph with three componeriis. (B) A simple connected graph. (C)
A directed graph. (D) A complete graph with three cvcles. {E) amultigraph with loops. 1, edge;
2, arc; 3, triple edge; 4, two loops.

Definition 4. Graph adjacency A{G) is the suim of all vertex degrees g, or al vertex
adjacencies a;. In directed graphs, the tota adjacercy A(DG) isthe sum of the respec-
tive in- and out-degrees:

Vv V V V
AG)=2 a-= Zl > a; ADS, out) = Zl a(out) = Zl > & (out) (3)
i=1 i=l el i= i=l jei

Graph invariants are riumbers Liiii Guely derived from the graph; they do not depend
on theway the graph isdrawn or on the manner in whichthe verticesarelabeled. Graph
adjacency isagraph invariant, whereas vertex degreeis avertex (or local) invariant.

Definition 5. (a) The distance d; between the verticesi and j isthe number of edges
along the shortest path coninecting i and j. (b) The vertex distance degree d; isthe sum
of distances between vertex i and all other vertices | in the graph:

d =3 d (4)
j#i

Definition 6. The graph distance d(G) is the sum of distances between all pairs of

verticesi and j; itisalso ahalf sum of thedistance degrees of all V verticesin the graph:

\ 1 \
d(G) = Z Zdij i) Z d ©)
i=1 j# i=1
In nondirected graphs G, d(G) = 2W (G), W (G) being the Wiener number of G (16).
In directed graphs DG, d(DG) = W(DG).
Definition 7. (a) Vertex eccentricity g isthe maximum distance between vertex i and
theremaining graph vertices. (b) Graph center isthe vertex(es) having minimum eccen-
tricity and minimum distance degree (see ref. 17 for a more detailed definition):

e =min; d =min (6)

[llustrations of Definitions 3—7 aregiven in Fig. 2.
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Fig. 2. (A) Vertex degrees and adjacency of a mutigraph; the minimal degrees are givenin
parentheses. (B) In- and out-degrees and adjacency of a directed graph; in-degrees are denoted
by aminussign. (C) Vertex distance degrees and the Wiener number (16) of agraph. Thefilled
vertex having eccentricity 2 and distance degree 8 is the gragh center.

3. Topological Complexity Measures

For areview of the entire area of complaxity descriptors, the reader is addressed to
ref. 15. Here, we focus on several compiexity measures that satisfy the requirements
to increase with the increase in netwwork size and coniniectivity, to vary regularly with
the topological patterns of branching (18), cyciicity (19), centrality (17), and cluster-
ing (18,19), and to be in comgiiance with the idea of biological complexity regarding
the whole as more than the sum of its paits.

3.1. Connectedness (Cornectance)

Definition 8 Connectedness Conn isthe ratio between the number of edges E in the
network anc the number of edges in the complete graph having the same number of
vertices V:

2E
V(V-1)

Conn(%) = x 100 @)

For simple graphs (graphs having no loops or multiple edges), Conn variesfrom zero
for atotally disconnected graph having E = 0, to 100 for a complete graph. An exam-
pleisgivenin Fig. 3A. For multigraphs, Conn could exceed 100. I n such cases one may
regard separately the multiple connectedness Multiconn from the simple one, which
measuresonly whether the pairs of verti ces are connected but not how many edges con-
nect them. Similarly, for characterizing the local (or vertex) complexity one may use
the vertex degrees and multiple vertex degreesintroduced in Subheading 2. The factor
2in Eq. 7 is omitted for directed graphs. Connectedness can be used as a preliminary
estimate of topological complexity; it is not sensitive to variations in topology of net-
works having the same number of vertices and edges.

3.2. The Substructure Count SC

Seerefs. 20-22.
Definition 9. (a) The complexity index SCisthetotal number of subgraphsin thegraph
(Fig. 3). (b) The eth order index eSC is the count of all subgraphs having e edges:
E
C=0C+1LC+2C+ ...+ EC= D exC (8)

e=0
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Fig. 3. (A) Calculation of connectetiness accordizigto Eq. 7. (B) Illustration of subgraph count
(20—22) and overall connectivity indices (22,23) caiculation (Egs. 8 and 9).

whereSC, 1SC, and 2SC are the number of verticesV, edges E, and two-edge subgraphs,
respectively, and ESC = 1 stands for the graph itself (Fig. 3B).

3.3. Overall Connectivity

Seerefs. 22 aind 23.

The overall connectivity concept (Definition 1) combines subgraph count with sub-
graph connectivity.

Definition 10. (a) The overall connectivity index OC is the sum of total adjacencies
A of all subgraphs G, belonging to the graph G. (b) The eth order overall connectivity
term ®OC is the sum of the total adjacencies ®A, of all subgraphs ¢G; having e edges

(Fig. 3B). c
OC=10C+20C+...+EOC= X °OC
e e v e=1 (9)
‘0C = IZleA (G) = 2 2 a (jU°G)

3.4. The Graph Walk Count

Another realization of the ideato characterize complexity by regarding the structure
as awholeisto account for all walks within it (24—26; see also Chap. 2 in ref. 15).

Definition 11. (a) The graph walk count TWC is the total number of walks 'WC of
length | = 1 to V — 1. (b) The walk count of order |, 'TWC is the number of walks of
length . (c) Thevertex walk count vwc; isthetotal number of walks of length | that start
inthe vertex i.

V-1 \
TWC="WC +2WC +3WC +...+ VIWC = WC =3 w =
=1 i=1

V=

LN

M<

'we - (10)

o
I
iy
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A 1 1 4 4 6 20 20
4 6 20 36
2 2 6 6 12 12 32 32
ITWC=10 ITWC=26 ITWC=56 TWC=140

B TWC = 10+26+56+140 = 232

31 31
66 TWC = 31+31+52+52+66 = 232
52 52

Fig. 4. (A) Calculation of thetotal walk count TWC (24—26) as asum of walk counts of lengths
1toV - 1. (B) Calculation of TWC from the vertex walk count sums (Eq. 10).

An exampleisshownin Fig. 4. A simple method for calculating vertex walk counts
and total walk count is based on the Morgan algointhra. Starting with vertex degrees,
one cal culates the count of walks of length 1 as ihe sum of vertex degrees, and then an
extended degree of Ith order iscalculated for each vartex by summation of the (I — 1)th
order degrees of the vertex neighbors.

4. Compositional Complexity Measures

Diversity of network compositionisanother aspect of complexity (see Definition 2).
Graph representation can incornerate such an aspect ny assigning wei ghtsto graph ver-
tices; however, additional irsigint can be gained by Shannon’s information theory (8).

4.1. Shannon’s Basic Formulas as Applied to Finite Networks

Seerefs. 8,9, and 27.

Consider a network composed of N eiements, distributed into k classes, according
to acertain equiva ence critericn a. Tne elements could be network vertices, edges, or
any other type cf subgraphs, as well as distance-based invariants. Denote the number
of elementsin classesl, 2, ..., kasN;, N,, ..., N, respectively. The probability for
asingle randomly chosen network element to belong to the classi is p, = N./N, where
N=23N, and >p; =1.

Definition 12. Shannon’s entropy H(a) of the network distribution {N;, N, , .. ., N} is

k
H (a) = Nlog, N -2 N, log, N, bits (11)
K i=1
H(a) = = 2 p log, p, bits/element (12)
i=1

Here, base 2 logarithms are used for calculating entropy in binary digits (bits).
Entropy is maximum when N, = 1, and p, = /N:

Hua(@) = Nlog, N; H, () =log, N (13)

Definition 13. The information content I(a) of network probability distribution, the
average and the normalized information content, 1 (a)and I (), are respectively
k

1(0) = Hy(0) = H(a) = i N; log, N;; T (a) :% Z N log, N;
1 |—1k i=1 (14)
|(@)=———— 2, N log,N;;0< | (a)<1

Niog, N =i
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Different information-theoretic indices can be introduced depending on the specific
equivalencerelation a. Such arelation for proteins in a proteome network means they
belong to a certain protein complex or to a certain network component. The corre-
sponding information indices of compositional complexity may be termed information
on proteome complexes, |(complexes), and information on proteome components,
| (component), respectively.

The Shannon entropy/information measures based on equival ence of system elements
were previously shown (27) to fail in evaluating structural or topological complexity.
Thus, proceeding from vertex equivalence, one obtainsthe same null information con-
tent for three graphs with very different complexity: atotally disconnected, a single-
cycle, and a complete graph. A modification of the theory captured many of the
complexity features (9,28). According to this modification, each system dement is
assigned aweight, uniquely derived from itstopol ogy. Tien, the distribution of thetotal
graphweight M into weights M, of individual elementsi (veriices, edges, two-edge sub-
graphs, and so on) is also a probability distribution witi the probability of arandomly
chosen element to have weight M; equal to p; = M;/M.

Definition 14. Wei ghted i nfor mation content M, of the netv/ork el ementsdistribution,
average and normalized weight information cortent, M1 and MI,, are respectively

m _ 1. 1 m
M =3 M log, M; MT =-1 5 M iog, Ms M, = ———=— 5 M log, M, (1
2, M 10g; M; Wi & M0 Mi Mo = grce &, Mo M (19)

Typical network “weight” distributed among its dementsisthetotal adjacency A as
partitioned into vertex degrees & (Eqgs. 2 and 3). Similarly, the total network distance
d(G) (Eq. 5) isconsidered as composed of vertex distance degrees d; or, alternatively,
of the distance valuesd(i) =1, 2, .. ., d... The information indices thus constructed
aretermed vertex degree information index, 1,4, distance degree information index, | 4,
and distance inforiration index, I, respectively.

5. Examples of Complexity Assessments of Protein—Protein Interaction
Networks, Complexes, and Pathways

5.1. Networks Presented by Nondirected Graphs

Nondirected graphs and used to represent protein—protein interaction network, the
direction of interaction is not known or disregarded. Also included here are
networks the nodes of which are protein complexes, and an edge between two nodes
indicates the presence of a protein common to the two complexes. An example is the
functional net of membrane biogenesi s and traffic in the Saccharomyces cerevisiae pro-
teome extracted from the data of Gavin et d. (29), (Fig. 5). The network contains 147
proteins organized into 20 complexes. The corresponding compositional distributionis
147{20, 15, 13, 13,10,10,5x 7,5,5, 3% 4, 3, 3 x 2}, and Eq. 14 yields | (complexes)
= 463.9 bits, | = 3.16, and |, = 0.438. The 20 protein complexes are distributed into 10
components, 1 large including 11 complexes, and 9 single-complex ones: 20{11, 9 x
1}, from whence I (component) = 38.05, T = 1.903, and I,, = 0.440. The protein distrib-
ution into components 147{94, 10, 10, 3 x 7, 4, 4, 2, 2} differs considerably from the
even distribution, which produces high val ues of information indices: I'(component) =
761.5, T = 5.18, and |, = 0.720. Thus, the presence of a very large component, typical
for biological networks, can he reteted to atrend toward higher information content.
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Serial number (1 to 232)

Number of proteins

® 0 0 O 0O

Fig. 5. The membrane biogenesis and traific netwaork in yeast proteome. Each node repre-

sents a protein-protein interaction compl ex, each exige stenas for a protein shared between two
complexes. Edge weight denotes the number of proteins shared. (Datafrom ref. 29.)

Thelarge comporient cf the networ k contains 20 edges, 2 of which are double edges.
Connectednessis quite inigh: (2 x 22 x 120)/(11 x 10) = 40%, owing to the presence of
acomplete @ x-vertex subgraph. Thevertex degreedistribution{9, 7,4 x5, 3, 2, 3x 1}
obeys a power lav 10 a gocd aporoximation (30,31). The central point (17) of the net-
work iscomplex 76, which shares nine proteinswith eight other complexes and reaches
to all other complexes via only one or two steps. Such central points are regarded
as potential marker/drug candidates. They are of crucial importance for the stability of
the network.

The Wiener number of the large component is W = 102, and the average distance
initisonly <d> = (102 x 2)/(11 x 10) = 1.85. Thus, each pair of complexes in the
functional set is connected on average by less than two links, a typical manifestation
of a“small-world” network (32), which isanother feature of biological networks. The
distancedistribution {20 x 1, 24 x 2, 10 x 3, 1 x 4} isnot very different from the least
complex even distribution, as demonstrated by the calculated low value of the infor-
mation index |4, = 0.152. The distance degree distribution {28, 24, 21, 21, 19, 4 x 16,
15, 12} isconsiderably more diverse, placing the corresponding informationindex |4,
=0.554 in the middle of the 0 to 1 complexity scale.

The three topological complexity measures, when applied to the connected compo-
nent regarded asa s mplegraph, yield very high values (SC = 729,449; OC = 26,594,270;
TWC = 122,082,804). It would suffice for characterizing the complexity of large-scale
biological networksto use the first several terms of these indices, °SC, *OC, 'TWC, with
eor | =1to 3 or 4. Such terms are, for example, the number of two-edge subgraphs,
known as the Platt index (33), 2SC = Pt, and that of the three-edge subgraphs, 3SC. For
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thelarge component of the membrane bi ogenesis and traffic network regarded asamulti-
graph, one obtains Pt = 99 and 3SC = 518, respectively. Other examples are 1OC = 246,
20C=1714;?TWC = 248, and *TWC = 1338. All these descriptors can be used for quan-
titative comparative studies in proteomics, as well as for network structure-activity/
toxicity relationships (NSAR). Another applicationisto quantify the degradation of the
network as a result of a sickness or environmental effects. As an example, consider
the degradati on of the membrane biogenesi sand traffic network resulted from theelim-
ination of the central complex 76. The connected component of the network decom-
posesinto asubgraph of six vertices, another subgraph of two vertices, and two isolated
vertices. The dramatic loss of network complexity can be illustrated with the decrease
in the corresponding complexity descriptors: Conn—from 40 to 28.9%; the Wiener
index—from 102 to 20; the Platt index—from 99 to 35; 1OC—from 246 to 98; and
20C—from 1724 to 422. The information index on network components al so reduces
strongly to half itsinitial value (38.05 - 17.51).

5.2. Networks Presented by Directed Graphs

Thedirection of arcsinthe graphs representing protein-protein interaction networks
isassumed from the bait protein to the interacting partner. As an example, consider the
DNA damage response network i veasi proteome {data takken from Ho et a. (34);
Fig. 6). The network includes 76 proteins orgenized in five components, a large one
with 59 proteins, and four smaii ches having 7, 4, 4, and 2 proteins, respectively. This
highly uneven distribution produces a normalized compositional complexity index of
0.810, close to the upper iimit of 1.0. The directed interactions prohibit many paths
between proteins thus dirninishing network topological complexity. The network
descriptors are calcuiated as the sim af tre respective values for all components, their
values remaining ciose to the values of the large dominant component. Thus, for the
entire DNA damage response network and its large component, one obtains a con-
nectedness of 3% versus 4.2%, 2 Platt index of 72 versus 57, and a Wiener number of
273 versus 230. Thein and out first-order overall connectivities of the complex are 316
versus274 and 316 versus 266, respectively; the second-order overal in-connectivities
are 1503 versus 1381, and the out ones are 1302 versus 1152. The total walk count of
lengthstwo and three is 72 versus 57, and 52 versus 35, respectively.

The vertex degrees in directed networks also could not reach very high values, 10
being the highest value of in-degreein thelarge component (however, thisindicates that
protein Dunl could be a good potential marker/drug target) versus only 6 for the out-
degree. This makes vertex degree distribution less complex, and closer to the even dis-
tribution, as witnessed by the low values (0.210 for out-degrees versus 0.177 for the
in-degrees) of the corresponding information indices. In contrast, the distance degree
distribution is considerably more uneven, owing to the hindered protein-protein com-
munication. Thus, the in-degree distribution in the large component is{16 x 1, 3 x 2,
8x3,3x4,2x5 3x%x6,2x7, 10,11, 17, 23, 31, 38}. However, the presence of
16 distance degrees equa to unity reduces the complexity of the distribution, and the
corresponding normalized information index 144(in) has the medium range value of
0.429. For comparison, if the DNA damage response network were nondirected, the aver-
age distance in the large component would increase from 3.90 to 4.53 (still remaining a
small-world network}, the maximum distance wouid go up from 4 to 11, and distance
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Fig. 6. The DNA damage response network in yeast proteome. Directed edges (arcs) stands
for interacting pairs of proteins. Arrows point from the bait protein to the interacting protein.
(Datafromref. 34.)

degree would span within the range of 159 to 442, with the average degree over 262.
Theaveragevertex degree of the nondirected graph isalmost twicethat of the undirected
(2.34 versus 1.22), and the slightly more uneven distribution makes the corresponding
complexity index |4, to increase in value from 0.177 (in) and 0.210 (out) to 0.220.

It should be mentioned that the examples given in this section are taken from publi-
cations dealing with incomplete yeast proteomes. Thus the specific conclusions made
could change when the compl ete proteome is analyzed; they should be regarded only
as an illustration of the manner in which the networks can be analyzed. However, the
methodol ogy presented here is not limited to protein-protein interaction networks and
can beapplied to any network, including metabolic, regulatory, and other biological net-
works, aswell asto the pathways within the networks.
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