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Topological and compositional complexity of protein—protein networks is assessed in a variety of ways
making use of graph theory and information theory. The methodology used is borrowed from mathematical
chemistry and includes complexity descriptors such as substructure count, overall connectivity, walk count, and
information on various vertex distributions. The approach is applied to the (incomplete) proteome of
Saccharomyces cerevisiae containing 232 protein complexes of a total of 1,440 proteins. The proteome network
and each of its nine functional subsets of protein complexes are disconnected graphs, containing a number of
noninteracting species and a major component. A weighted edge between two vertices in these graphs stands for
the number of shared proteins between the respective complexes. The major component is a highly connected,
‘small-world’ network, in which the average vertex distance between protein complexes does not exceed 2.2 (2.4
for the entire proteome), whereas the maximum distance does not exceed 4 (or 5 for the proteome). The vertex
degree distribution in the major proteome component with 199 complexes follows the power law P(k) ~ k™7,
with y = 1.7. The analysis of the functional organization of the yeast proteome has shown that, for any pair of
biological functions, there always exist many proteins that can perform both functions. The potential application
of the quantitative proteome descriptors discussed includes quantitative relationships between the structure and
biological action of dynamic protein complexes in changing environment, identification of targets for markers/
drugs, as well as system analysis and comparative studies of proteomes.

1. Introduction. — Recent advances in the strategies and techniques for character-
ization of multiprotein complexes have made feasible the build-up of large-scale
networks of protein interactions [1-7]. This offered for the first time the chance to
analyze, on a molecular level, the work of the cellular machinery in its entirety. The
early stages of proteome research dwelled predominantly on protein over- and
underexpression, but not on protein—protein interaction, thus touching only the tip of
the iceberg. However, one might expect more-definite conclusions on the role of a
certain protein to be drawn only after knowing its specific location in the biological
pathway of interest, as well as in the global protein network, because the individual
pathways are interdependent. Containing fundamental biological information, the
large-scale networks of functionally linked proteins provide the basis for a variety of
applications. Mathematical analysis of these networks could contribute not only to the
better understanding of the biological machine; it provides tools for extracting valuable
information, establishing similarities, finding characteristic patterns, and deriving
quantitative structure/activity relationships, thus contributing to the identification and

1) Presented, in part, at /BC’s Annual Proteomics 2002 Conference, Philadelphia, May 6-9.
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screening of potential drug or marker candidates. To this end, the present study
introduces quantitative measures of the complexity of proteome and protein complexes
by extending previous extensive complexity analysis of molecular structure [8][9] and
chemical reaction networks [10]. Differing from the quantitative characterizations of
2D and 3D electrophoretic proteomic maps [11][12], our approach focuses on large-
scale protein—protein-interaction maps.

2. Complexity of Structures and Networks. — The concept of complexity as a general
property of every system, independent of the nature of the system, began crystallizing
in the 1980s, although its origin might be traced back to the 1950s, i.e., to the pioneering
work of Rashewsky [13]. Complexity is a multifaceted notion, often being defined in a
hierarchical manner. In this paper, our analysis deals with structural complexity, the
kind of complexity that accounts for the manner in which the elements of a system are
organized (or connected) in a structure. We also define compositional complexity,
which reflects the distribution of the structure elements into different classes,
depending on their physical nature or other partitioning criteria. The methods used —
graph theory [14] and information theory [15] — are general; they do not depend on the
specific nature of the system’s elements. The topological and information descriptors
thus defined might be applied to a wide range of systems and phenomena. In what
follows, they will be defined specifically for protein networks regarded as graphs, i.e.,
structures built by vertices connected by edges. The vertex in such a graph may
represent an individual protein, a protein complex, or even a group of protein
complexes. Both undirected and directed graphs can be used, depending on the
information available on the individual protein—protein interactions.

2.1 Topological Complexity Descriptors. The number of vertices, edges, and cycles
are the primary descriptors of graph topology. The number of graph vertices V
characterizes the structure size. The connectivity of the structure elements is expressed
by the number of graph edges E. An essential component of topological complexity is
the number of cycles C it contains. The more connected the structure, the more edges
and cycles it contains. These fundamental descriptors of structure connectivity are
interrelated by the Fuler equation:

C=E-V+1 (1)

The connectivity of protein networks, Cn =100(V,,,,/V), has been assessed [3] as
the percentage of the vertices that are connected with at least one other vertex. In a
more-precise way, network connectivity is defined by connectedness (or connectance),
Conn, which takes into account all connections E in the network:

Conn|%) = % x 100 (2)

Here, V(V —1)/2 is the maximum possible number of edges in a simple graph having
V vertices. Thus, by definition, Conn is normalized to have values between 0 and 100%
for a completely disconnected or a completely connected (or complete) graph,
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respectively. In multigraphs, more than one edge can exist between two vertices, and
Conn can exceed 100% . However, it makes sense even for a network characterized by a
multigraph to calculate not only this multiple connectedness, but also the basic
connectedness, which counts only the presence or absence of connection between any
two vertices but not the number of these pairwise connections.

The local connectivity of a vertex i in the network is described by a;, the vertex
degree, which counts the number of the vertex-nearest neighbors. Again, when multiple
edges are present, one may define the multiple vertex degree as the sum of all edges
emanating from the vertex. The sum of the vertex degrees, A =Z3a;, is termed total
adjacency. The average vertex degree (a;) = A/V is also used as an average measure for
the network connectivity. In directed graphs, edges have a direction. As a result, one
distinguishes ‘in-degree’ and ‘out-degree’ of each vertex. Proteins (or protein
complexes) with a high in-degree are often end points of biological pathways and
could be of interest as potential targets for drug design.

Other essential topological characteristics of a network are the distances between
the network nodes. The distance d; between the vertices j and i is an integer quantity
equal to the number of edges connecting the vertices along the shortest path between
them. The vertex distance, d;, termed also distance degree, is the sum of the distances
between the vertex i and all other vertices in the network. Network distance, widely
known in mathematical chemistry as the Wiener number W [16][17], is the sum of all
distances in the network:

W =

N —

v 1Y
Z d; = 2 Z d; (3)
ij=1

i=1

The average vertex distance, {d;) =2WI/V, characterizes how easily a vertex can reach
all other vertices. A useful parameter is also the average intersite distance or graph
radius, (dy=2W/V(V —1), which shows how easily one vertex can reach another
vertex. Graph diameter is usually defined as the largest intersite distance in the graph.
Biological networks are characterized as ‘small-world networks’ [18]; the average
distance in them is small [19]. In networks with directed edges, there could be no paths
connecting some pairs of vertices. Strictly speaking, the distance between such a pair of
vertices is infinite, which makes it impossible to define the Wiener number. However,
for practical purposes, one may calculate distance descriptors by counting only the
distances along the existing paths in the network [20][21].

The topological descriptors described in the foregoing are simple and easy to
calculate. However, they often do not satisfy the major criterion to be nondegenerate,
i.e., to provide a different value for each individual structure. For this reason,
sophisticated hierarchically built complexity measures have been developed [9] to
better distinguish among structures. For the large protein—protein networks, we offer
to use only the first terms in such measures; for smaller networks, higher-order terms
can similarly be applied.

A modern concept of structural complexity regards a structure to be more complex
when it contains more substructures [22-24]. One can, thus, evaluate network



CHEMISTRY & BIODIVERSITY - Vol. 1 (2004) 315

complexity by the number of subgraphs SC (subgraph count) it contains, beginning with
the vertices V="98C, edges E ='SC, two-edge subgraphs (the Platt index [25], applied
first by Bertz [26] as a complexity measure) Pl=2SC, etc.:

SC ='SC+'SC+28C+...+ESC 4)

Subgraph count is a sensitive complexity measure, however, for large-scale
networks, the computational time required might be considerable. For such cases, we
propose to use instead the second- and third-order-subgraph counts, 2SC and 3SC,
respectively, or the respective partial sums, “2SC and *3SC.

Another hierarchically built complexity concept is that of overall topological indices
[27]. Tt extends the idea of using all substructures by summing up the values of some
simple graph invariants for each substructure. When the invariant selected is the vertex
degree, the resulting complexity measure is called overall connectivity [28], OC.
Therefore, the higher the connectivity of the graph and all of its subgraphs, the higher
the graph complexity. When the subgraph is characterized by its Wiener number, one
defines the overall Wiener index [29], OW, etc. The overall connectivity was shown to
increase with all complexifying factors, such as size, branching, cyclicity, and centrality,
as well as to produce excellent structure/property correlations with physicochemical
properties of chemical compounds [27]. We recommend for complexity assessments of
large networks to use the initial terms 'OC and 20OC in the expression for the overall
connectivity or their sum *20C:

oc="0C+'oC+2*0C+--—-+E0C (5)
1OC:Z:(a,-—i—aj);zOC:Z:(a,-—}—a,——i—ak) (6)
ij—adjacent i—j—k—adjacent

Riicker and Riicker [30][31] proposed to measure the complexity of a graph by the
so-called total walk count, twe. (A walk is a path between two vertices that can
repeatedly traverse vertices and/or edges.) The idea is similar to that of the subgraph
count: the more walks in the graph, the more complex it is. The total walk count can
also be presented as a sum of hierarchically ordered terms of first, second, efc. order,
which count the walks of length one, two, etc., respectively. The first several terms, such
as 2we, 3we, and their partial sums *2wc or ®3wc can also be used as complexity
descriptors of large protein networks.

2.2 Information-Theoretic Descriptors. Consider a network composed of N elements
distributed according to a certain equivalence criterion a into k sets, having N, elements
each. We will now define the compositional complexity of the network. Networks with
even distribution of their elements onto the k subsets may be regarded as less complex
than those with uneven distribution. Quantitatively, this complexity aspect is
characterized by Shannon’s information theory [15]. The latter ascribes the maximum
entropy of information, H(a), to the even distribution, and the deviation of the system
entropy from its maximum value defines the information content, I (o), of the system:
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(@) = Hyo(@) — H(a); H(a) = Nlog, N = >~ N;log, N, (7)

i=1
when N, =N,=...N, =1, one obtains:
mdx(a) N logZ (8)

with
I(a)[bits] = ZN log, N, 9)

In Egns. 7-9, the logarithm at base two is used to quantify information in binary units
(bits). One may also normalize Egn. 9 by dividing by H,,,,, so as to define the relative
information content, (o) within the range 0 to 1.

I(a) = N10g2 ZNlogz (10)

i=1

We may now apply this formula to define the compositional complexity of the
proteome via its normalized information content, regarding the distribution of protein
complexes into k groups according to their biological function, I, (proteome), or to
the localization of protein complexes within the cell, 7, (proteome), respectively. At
the lower hierarchical level, one may similarly calculate the normalized information
content of each functional or localized set of complexes, I(func. set) and I(local. set),
regarding the distribution of N proteins into k complexes. Similarly, when one regards
the distribution of protein complexes (or proteins) onto components (disconnected
subgraphs), I(components) is defined. Other information-theoretic indices have also
been advanced and used for characterization of chemical structures [32—34].

The total complexity of a given proteome can be defined in a hierarchical manner
(see Fig. 1) for the complexity descriptor D, which can be any of the topological or
information theoretic indices introduced in the foregoing:

i(max) i(max) k

D(proteome) = Dy,,.(proteome) + Z D,(func. set i) + Z Z D;(complex j) (11)

i=1 =1 j=1

or alternatively:

i(max) i(max) k
D(proteome) = D,,.(proteome) + Z D,(loc. set i) + Z ZDij(complex 7) (12)

i=1 =1 j=1

The third term in the above two equations enables the complexity of each of the protein
complexes to be evaluated, provided the connectivity of proteins in the complex is
known.
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Fig. 1. The proteome hierarchical organization

Information-theoretic formalism can be applied to characterize not only the
compositional complexity of the network, but also its topological complexity. The basic
topological distributions of network elements are those of vertex degrees a; and vertex-
distance degrees d,: {N,(a;), Ny(a,), ..., Ni(a,)} and {N,(d,), N,(d,), ..., Ni(d\)}, where
Ni(a;) and N(d;) stand for the number of vertices with vertex degree a; and vertex-
distance degree d,, respectively. Thus, the information indices calculated for these two
distributions by Egns. 9 and 10 would reflect the equivalence or symmetry of the
network vertices. However, symmetry is generally regarded as a simplifying rather than
a complicating factor. The most-symmetric structure with its entire set of elements
equivalent has zero information content. An alternative way of applying information
theory to discrete systems has been proposed by Bonchev and Trinajstic’[35]. Instead of
dealing with the number of structure elements and its distribution in equivalence
classes, this approach regards N in Egns. 7—10 as a certain property or weight or
magnitude, characterizing the entire system, N, being the respective value for the ith
element. Introducing in Eqgns. 7—10 the sum of vertex degrees (vd) as total adjacency,
A =Za;, and the sum of all vertex-distance degrees (dd) as D =3d;=3n,d(i), where
d;=1,2, ..., d,,, one obtains for the relative information on these distributions in a
network with V vertices:

1 14
1 =— 1 ; 1
r(Vd) AlOgZA ;az OgZGt ( 3)
1 |4
I(ad) = Dlog, D ;di oed 1
1 d(max)
I = d(i)1 ). 1
@) = Diog, p 2 "id(i)10g, () (15)
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In what follows, we shall use Egn. 10 and Egns. 13-15 for the calculation of
information-theoretic indices. Thereby, the subscript ‘#’ will be omitted for brevity.

3. Analysis of the Yeast Proteome. — 3.1 Functional and Localization Proteome
Complexity. The methodology for assessment of proteome complexity was applied to
the data on yeast proteome (Saccharomyces cerevisiae) published by Gavin et al. [1].
The data set contains the interactions of 1,440 distinct proteins (ca. 25% of the entire
proteome), which form 232 complexes. The complexes are regarded organized in nine
groups of different biological function (Fig. 2): cell cycle; cell polarity and structure;
intermediate and energy metabolism; membrane biogenesis and traffic; protein
synthesis and turnover; protein RNA and transport; RNA metabolism; signaling; and
transcription, DNA maintenance, chromatin structure. They are also regarded as being
distributed in different subcellular compartments: nucleus; cytoplasm; membrane;
mitochondria; and ER, Golgi aparatus, vesicles.

In Fig. 2, the functional organization of the Saccharomyces cerevisiae proteome and
the corresponding complexity descriptors are shown. The proteome is depicted as an
undirected graph, each of the vertices of which represents the proteins and their

Cell cycle Cell polarity and structure

Number of protein complexes
Number of proteins

. Number of shared proteins
2 Intermediate
' and energy
metabolism

Transcription/
DNA Maintenance/
Chromatin structure

Membrane
biogenesis
and traffic

Protein synthesis
and turnover

Metabolism

Protein RNA / Transport

Topological descriptors: V =9, E =36, C =28, Conn = 100%, <d> =1, a;,=d; =8, <a(multi) > = 562,
W =36, Pl = 252, '0C = 576,20C = 6048, I,,,,(func) = 0.626, I,,,(loc) = 0.729, I,,(multi) = 0.766.

comp

Fig. 2. Functional organization and complexity descriptors of the yeast proteome. Some 1,440 proteins are

assembled into 232 complexes, which are distributed into nine groups of different biological function (data of

Gavin et al. [1]). The edge weights of the multigraph indicate that a very large number of proteins can perform
more than one biological function.
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complexes performing a certain biological function. Two vertices in the graph are
connected with an edge, when there is at least one protein that can perform both
biological functions. The proteome graph is complete, with a connectedness of 100%,
i.e., for any pair of biological function(s), there always exist proteins that can perform
both functions. The average intersite distance is equal to one, which indicates that, when
the proteome is regarded on a functional level, its ‘small-world network’ reduces to a
‘one-step world’. The edges connecting two functional groups are labeled with the
number of proteins they share. One can see that the average number of proteins shared
by each of the nine functional groups is about twice (!) the number of proteins in the
group itself. Particularly impressive is the large number of proteins shared between the
functional groups of ‘RNA metabolism’ and ‘transcription/DNA maintenance/chro-
matin structure’ (321); between ‘protein synthesis and turnover’ and ‘transcription/
DNA maintenance/chromatin structure’ (299); between ‘RNA metabolism’ and
‘protein synthesis and turnover’ (260), efc. One may conclude that the proteome is a
highly integrated set of interacting proteins, almost half of the proteins of which can
perform more than one biological function.

The compositional complexity of the yeast proteome, calculated from the
distribution of the 232 complexes into nine functional sets of complexes, produces
Liomp (func) =0.626. Similarly, one obtains for the distribution of complexes into five
subcellular localizations I ,,(loc) = 0.729. Both values show a high degree of proteome
functional organization. These numbers (as well as all other complexity descriptors) are
potentially useful for comparative studies, e.g., between normal and pathophysiological
states of the same species for quantitative structure/activity relationship (QSAR) and
drug design, or in a normal state of other species for evolutionary analysis, classification
purposes, efc.

3.2 The Next Hierarchical Level: Complexity of a Functional or Localization Group
of Complexes. Consider the network characterizing protein synthesis and turnover,
which contains 301 proteins organized in 33 complexes (Fig. 3). Twelve of the
complexes with a total of 29 proteins are idle, whereas the remaining 21 complexes with
a total of 124 proteins form a single ‘polycyclic’ component. Every complex in this
component shares, on average, 7.6 proteins with other complexes, and can reach every
other complex for a little more than two steps. The vertex degree distribution indicates
that the complexes numbered 157, 148, and 106 share the largest number of proteins
with other complexes (49, 48, and 34, resp.). However, one may expect complexes 148
and even /06 to have a stronger effect on protein synthesis and turnover than 157,
because they share proteins with six and five other complexes, respectively, while 157
does with only three others. Also a strong effect might be expected from complex 146,
which shares 18 proteins with ten other complexes, and from complex 738, which shares
15 proteins with nine other complexes. Thus, one needs both estimates of vertex
connectivity — the vertex degree and the multiple vertex degree — to evaluate more
adequately the potential importance of each complex for a given biological function.

The central location of the complex in the network is another topological factor to
be taken into account, when discussing the role of the complex for a certain biological
function. Such a location is favorable, because it determines the complex(es) that can
reach all other complexes in the least number of steps. According to the classical graph-
center definition [14], eight complexes (146, 138, 140, 106,80, 3, 122, and 148) should be
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Complexity descriptors: V =33, E =125(46), C=105(26), Conn =59.5(21.9)%, Cn=63.6%, <a;>
=11.9(4.38), <d;> =4448, <d> =222, W =467, Pl =2692, 'OC = 7090, *0C = 295996, I, = 0.511,
I,,=0.569.
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Fig. 3. Network and calculated complexity descriptors for the set of protein complexes involved in protein

synthesis and turnover (data of Gavin et al. [1]). The 33 complexes containing 309 proteins are organized in

twelve noninteracting components and a single highly connected component. The values in parentheses are

those obtained with the basic vertex/vertex connectivity, whereas those outside the parentheses account for the
edge weights as well.

regarded as central because their largest distance to any other complex (called
eccentricity) is not larger than three. Taking into account the sum of distances to all
other vertices (the vertex-distance degree), as a second hierarchical criterion [36-38],
complex 146 is identified as the single center of the network, with d,4=31. Second and
third centrally ranked complexes are 138 and 140, with distance degrees of 34 and 36,
respectively. The same ranking order of these three complexes is obtained proceeding
from the basic vertex degree (the nearest neighbors’ number). It is impossible to say ad
hoc which of these competing factors (the number of shared complexes, the centric
location, and the number of complexes accessed in one step), would be more important
for a certain biological function. A low total rank in all three orderings seems to be a
reasonable practical estimate. For the analyzed protein-synthesis and turnover
network, this would classify first complex 146 (r =6), then 138 (r =9), whereas 157
and 706, which have the highest number of shared complexes, would get a considerably
higher rank (36 and 14, resp.).
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Complexity descriptors calculated for all nine functional groups, as well as for the
entire proteome of 232 complexes, are given in the Table, and illustrated in Figs. 4 and 5.
Most of the complexity descriptors show similar patterns for the nine sets of protein
complexes with different biological functions (Figs. 4 and 5). All five connectivity
descriptors (the total number of shared complexes, connectivity, connectedness,
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Decriptor values (logarithmic scale)
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Sets of protein complexes

Fig. 4. Similarity in connectivity patterns of nine sets of protein complexes with different biological function. The

connectivity parameters used are the total number of edges E, the average vertex degree (a;), the connectivity

Cn, the connectedness Conn, and the information index on network components /,,,,. The highest degree of

connectivity is displayed by the set of complexes involved in the RNA metabolism, followed closely by that of
the complexes specialized in transcription, DNA maintenance, and chromatin structure.
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Fig. 5. Similarity in distance patterns of the nine sets of protein complexes with different biological function. The
distance parameters used are the total graph distance (the Wiener index W) and the average vertex-distance
degree (d;).



Table. Quantitative Characteristics of the Functional Groups of Protein Complexes in Yeast Proteome. All the descriptors have been calculated for the major
component of each network.

Functional groups Complexes Proteins Components Loy, Conn (Conn'?)) a;(a/) W (d) (d) 28C  'ocC 20C ¥ Loy
[%]

Cell cycle 13 111 3x2,7x1 0.125 - (3.85) —-(0.46) 31 1 0 6 00 0.498

Cell polarity 8 61 1x2,6x%x1 0.083 7.14 (3.57) 0.50 (0.25) 11 1 1 8 6 0 0.566

and structure

Intermediate 43 221 21,3x2,16 x1 0421  24.8 (20.5) 495 (4.10) 466 222 444 426 982 13251 0.409 0.376

and energy

metabolism

Membrane 20 147 11,9x1 0.440  40.0 (36.4) 4.00 (3.64) 102 1.85 185 99 246 1724 0.427 0.438

biogenesis

and traffic

Protein 33 419 21,12x1 0.554 595 (21.9) 11.9 (4.38) 467 222 445 2692 7090 295996 0.545 0.511

synthesis

and turnover

Protein/RNA 12 160 6,6x1 0361  66.7 (40.0) 3.33 (2.00) 26 1.73 8.67 31 96 442 0.447 0.635

transport

RNA Metabolism 28 692 25,3x1 0.862 187.3 (35.3) 45.0 (8.48) 519 173 415 51034 113296 17473732 0.625 0.565

Signalling 20 125 2x4,2,10x1 0.208 - (3.68) -(0.70) 20 154  2.00 5 24 25 0.164 0.500

Transcription/ 55 740 44,11 x 1 0.755  56.9 (24.7) 24.5 (10.6) 1861 1.97 84.6 24036 51338 3800711 0.523 0.453

DNA repair/

chromatin

structure

Entire proteome 232 1440 199,2,31 x 1 0.835  19.6(10.8) 38.7 (10.7) 44464 226 4469 374191 778162 136305016 0.480 0.626

a) The Conn’ and a; descriptors are calculated from the nearest-neighbors count, whereas Conn and g, calculation uses edge weights.
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average vertex degree, and information for the network components) singled-out the
network of complexes controlling the RNA metabolism as having the highest
connectivity, followed by those of ‘transcription/DNA maintenance/chromatin struc-
ture’, and ‘protein synthesis and turnover’. The same network complexity ordering was
produced by the Platt index (3SC), and the first- and second-order overall connectivity.
In contrast, the networks of ‘cell cycle’, ‘cell polarity and structure’, and ‘signaling’ are
very weakly connected (a feature that could change when the entire proteome is
analyzed). With the exception of the last three, all other networks have a large
connected multi-complex component, and 20-50% single-complex components. The
average distance between two complexes in the connected components of all nine
networks lies within 1 and 2.2, whereas the maximum distance does not exceed 4, i.e.,
these are typical ‘small-world’ networks. The small size of the functional group
subnetworks does not allow us to verify whether the vertex-degree distribution in them
follows the power law, typical for large dynamic networks. The connected component of
the RNA metabolism is composed of 25 complexes, each of which shares, on average,
ca. 40 proteins within the network. Also highly interdependent are the complexes
involved in ‘transcription, DNA maintenance, and chromatin structure’, each of which
shares on average almost 20 proteins. At the other extreme are the complexes involved
in ‘cell cycle’, ‘cell polarity and structure’, and ‘signaling’, each of which shares less than
one protein with its counterparts.

3.3 Proteome Complexity. Applying the complexity analysis to the proteome as a
whole, without accounting for its functional or localization context, one finds that the
232 complexes form one giant component of 199 complexes, another component of two
complexes, and 31 single-complex components. The giant component is highly
connected. There are 3,853 links between the 199 complexes, each complex linked in
average with 21.5 other complexes, sharing with them a total of 38.7 proteins. The
average vertex distance in the network is only 2.40, and the maximum number of steps
between any pair of complexes (the maximum distance) is 5. The vertex-degree
distribution follows the power law: the probability that a randomly chosen vertex from
the network has k nearest neighbors is P(k)~ k=7 with y =~ 1.7. The value obtained is
within the range of 1.5 <y <2.5 reported for other biological networks [19][39-42]
the links in which denote certain type of interaction between the nodes, but not sharing
a common element, as is the case in this study. Four complexes, 156, 163, 111, and 161,
share more than 200 proteins each; and another 22 complexes share between 100 and
200 proteins. This indicates that there are many proteins that are shared by more than
two complexes, e.g., Kap123 and Lys12, which are shared between 17 and ten
complexes, respectively. A total of 39 complexes exhibit the highest centrality, needing
only three steps to reach any other complex. Applying our centrality criteria, the three
most central complexes are 126, 163, and 156, with total vertex distances of 319, 320,
and 322, with 84, 81, and 83 nearest-neighbors’ complexes, and with 188, 218, and 270
shared proteins, respectively.

Conclusions. — Different quantitative descriptors of the yeast proteome and its
functional and local organization have been discussed. Based on graph and information
theory, they assess different complexity components — topological and compositional
complexity. Compositional complexity describes the distribution of the network
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elements. This could be either a distribution of protein complexes into functional or
localization sets of complexes, or a distribution of proteins into complexes or a set of
complexes. The information-theoretic measure applied presumes an increasing
complexity with the deviation from the most probable even distribution. Topological
complexity is regarded as complexity of the graph representing the network. It is
essentially based on the graph connectivity, distances, and centrality, as well as on the
number of subgraphs. The assumption is that graph complexity increases with vertex/
vertex connectivity, which, in turn, results in smaller graph distances. Connectivity is
assessed by a number of descriptors, beginning with the number of edges (interactions)
between the network elements, the number of cycles, the average vertex degree, and
the information index on graph components. Two normalized measures are also used:
connectivity [3], Cn, which is the percentage of vertices having at least one connection
with another graph vertex, and connectedness, Conn, which is the percentage of graph-
edges count compared to the maximum possible number of edges at the given number
of vertices. Distance descriptors include the sum of distances over the entire graph (the
Wiener index [16]), the sum of distances of a vertex (vertex distance degree), the
average graph distance (average graph radius), the maximum distance in the graph
(graph diameter), and the information indices on the distance distributions over
vertices and over distance values [32][35]. Distance descriptors are used to determine
vertex centrality, making use of a previously established set of criteria [30-32].
Subgraph-based complexity measures [22-24][27 -29] proceed from the concept that
complexity increases with the number of subgraphs, as well as with the increase in the
values of selected graph invariants of each subgraph. Due to the large size of the
protein—protein networks, only the first several orders subgraph count [24] and overall
connectivity [27][28] are used.

The methodology developed was applied to a complexity assessment of the yeast
proteome based on the data published by Gavin et al. [1]. We analyzed the proteome
functional organization proposed by these authors, beginning with the proteome graph
every vertex in which is represented a set of protein complexes with the same biological
function. Two vertices are connected by an edge, when the corresponding sets of
complexes share at least one protein. The graph thus built is complete (100%
connectedness), revealing that, for any pair of biological functions, there always exist
proteins that can perform both functions, as well as that numerous proteins can perform
more than one biological function.

When a vertex in the proteome graph stands for a protein complex, the resulting
large 232-vertex graph can be decomposed into nine smaller subgraphs, representing
nine functional sets of protein complexes. The average intersite distance in these graphs
varies from 1 to 2.2, and the maximum distance does not exceed 4. For the entire
proteome regarded as a graph with 232 vertices, these parameters are 2.4 and 5,
respectively. Thus, the proteome and its functional sets of protein complexes belong to
the class of ‘small-world’ networks, any pair of vertices of which is connected via a small
number of steps. Yet, there is an essential difference to mention. Each of these sets of
complexes, as well as the proteome itself, is essentially a disconnected graph, containing
one major component and a number of noninteracting species. The high connectivity in
the ‘small-world’” graphs mentioned actually refers to the major component of these
disconnected graphs. Since the data available comprises only ca. 25% of all proteins in
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the yeast proteome [1], it is not yet clear whether the availability of ‘specialized’
protein complexes, which do not share proteins with other complexes, is a general
pattern or just an artifact due to the lack of data. Another possible artifact, caused by
the insufficient number of proteins, could be the very low connectivity and the lack of a
major highly connected component in the functional sets of complexes involved in ‘cell
cycle’, ‘cell polarity and structure’, and ‘signaling’. However, from the data available, it
is clear that the protein networks controlling the most-vital life functions (like RNA
metabolism, transcription, DNA maintenance, and protein synthesis) are based on a
high degree of connectivity. This ensures the performance of each specific biological
function with a sufficient number of players, even if, for some reason, some of the
potential players are off the field.

The question may arise, whether one needs so many different proteome-complexity
descriptors, rather than only one or two selected ones. The answer to this question may
vary depending on the purpose of the study. If one looks for a quantitative
characteristic for classification purposes, then highly discriminating indices like
substructure count and overall connectivity (as well as walk count [30][31]) would be
sufficient, although the entire set of descriptors could also be used as topological
fingerprints. If similarity patterns were the focus of the research, then one might make
use of five or six descriptors. For QSAR applications, a reasonable strategy would be to
deal with a large variety of models, and then select several of them with the best
statistics, make predictions, and dwell on the overlap in the predictions. We regard the
descriptors of proteome complexity introduced in this study as a reasonable minimum
(particularly, when compared to the existing several hundred topological indices) to be
used in proteomics QSAR. Possible applications could include quantitative compara-
tive proteome analysis for evolutionary and classification purposes, and, first of all, for
assessing the differential expression of proteins in tissues and cells exposed to different
physiological conditions, different drugs, or environmental toxins. The quantitative
relationships between protein—protein-network structure and the alterations in normal
biological activity, as well as the ranking of network vertices according to their
centrality, could help in screening potential drug or marker candidates. More-general
questions for the protein—protein-network alteration associated with the Darwinian
evolution, or for the disease-related specific types of proteome network degradation
might be addressed along this avenue.
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